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PERELMAN’S ENTROPIES FOR MANIFOLDS WITH CONICAL
SINGULARITIES
KLAUS KRÖNCKE AND BORIS VERTMAN
Abstract. In this paper we discuss Perelman’s λ-functional, Perelman’s Ricci
shrinker entropy as well as the Ricci expander entropy on a class of manifolds
with isolated conical singularities. On such manifolds, a singular Ricci de
Turck flow preserving the isolated conical singularities exists by our previous
work. We prove that the entropies are monotone along the singular Ricci de
Turck flow. We employ these entropies to show that in the singular setting,
Ricci solitons are gradient and that steady or expanding Ricci solitons are
Einstein.
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1. Introduction and statement of the main results
Perelman’s utilization of Ricci flow in his proof of Thurston’s geometriza-
tion and the Poincare conjectures has dramatically increased the interest in the
research area of geometric flows. Perelman [Per02] introduced two important
entropies, which are monotone along the Ricci flow and are constant precisely
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on steady and shrinking solitions. More precisely, let (M,g) be a compact Rie-
mannian manifold of dimension m. We denote its scalar curvature by scal(g).
Perelman’s λ-functional is then defined as follows.
λ(g) := inf
{∫
M
(scal(g) + |∇f|2g)e−f dVg | f ∈ C∞(M),
∫
M
e−f dVg = 1
}
. (1.1)
Perelman’s shrinker entropy is defined in three steps. First we define the W−-
functional W−(g, f, τ) for any f ∈ C∞(M) and τ > 0
W−(g, f, τ) := 1
(4πτ)m/2
∫
M
[τ(|∇f|2g + scal(g)) + f−m] e−f dVg. (1.2)
The µ−-functional is
µ−(g, τ) := inf
{
W−(g, f, τ) | f ∈ C∞(M), 1
(4πτ)m/2
∫
M
e−f dVg = 1
}
. (1.3)
Then the shrinker entropy is defined by
ν−(g) := inf {ν−(g, τ) | τ > 0} (1.4)
and this latter infimum is finite and realized by a parameter τg if λ(g) > 0,
see [CCG+07, Corollary 6.34]. These entropies are employed decisively in the
analysis of Ricci solitions, which are Riemannian metrics g such that for its
Ricci curvature Ric(g), some vector field X, the Lie-derivative LX and a positive
constant c > 0, the following equations are satisfied
Ric(g) + LXg = 0 (steady Ricci soliton),
Ric(g) + LXg = c g (shrinking Ricci soliton). (1.5)
Any steady Ricci soliton is up to a diffeomorphism a constant solution to the
Ricci flow
∂tg(t) = −2Ric (g(t)), g(0) = g. (1.6)
Any shrinking Ricci soliton is up to a diffeomorphism a constant solution to
the normalized Ricci flow
∂tg(t) = −2Ric (g(t)) + 2c g(t), g(0) = g. (1.7)
Recall also that a Ricci soliton is called gradient if X = ∇f for some function
f : M→ R. The following results are due to Perelman.
Theorem 1.1 ([Per02]). Let (M,g) be a compact smooth Riemannian manifold. Then
(1) The λ-functional is non-decreasing along the Ricci flow (1.6) and is constant
on steady Ricci solitons g. Moreover, any steady Ricci soliton is Ricci flat.
(2) The shrinker entropy is non-decreasing along the normalized Ricci flow (1.7)
and is constant on shrinking Ricci solitons. Moreover, any shrinking Ricci
soliton is gradient.
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Additionally, in order to discuss the expanding case, Feldman, Ilmanen and
Ni [FIN05] introduced the Ricci expander entropy as follows. Consider the
µ+-functional
µ+(g, τ) := inf
{
W+(g, f, τ) | f ∈ C∞(M), 1
(4πτ)n/2
∫
M
e−f dVg = 1
}
, (1.8)
where the W+-functional W+(g, f, τ) is defined by
W+(g, f, τ) := 1
(4πτ)n/2
∫
M
[τ(|∇f|2g + scal(g)) − f+m] e−f dVg. (1.9)
The Ricci expander entropy is then defined by
ν+(g) := sup {µ+(g, τ) | τ > 0} . (1.10)
This infimum is finite and realized by a parameter τg if λ(g) < 0, see [FIN05,
p. 10]. The Ricci expander entropy can be used to discuss expanding Ricci
solitions, which are Riemannian metrics g such that for some vector field X
and a positve constant c > 0,
Ric(g) + LXg = −c g. (1.11)
Any expanding Ricci soliton is up to a diffeomorphism a constant solution to
the normalized Ricci flow
∂tg(t) = −2Ric (g(t)) − 2c g(t), g(0) = g. (1.12)
The following results are due to Feldman, Ilmanen and Ni.
Theorem 1.2 ([FIN05]). Let (M,g) be a compact smooth Riemannian manifold. Then
the Ricci expander entropy is non-decreasing along the normalized Ricci flow (1.12)
and is constant on expanding Ricci solitons. Moreover, any expanding Ricci soliton is
negative Einstein.
Since the three entropies λ, ν± are diffeomorphism invariant, instead of the
Ricci flow one can equivalently consider the Ricci de Turck flow, which is given
by the following equation.
∂tg(t) = −2Ric(g(t)) + LW(t)g(t), g(0) = g0, (1.13)
where W(t) is the de Turck vector field defined in terms of the Christoffel
symbols for the metrics g(t) and a reference metric g˜1
W(t)k = g(t)ij
(
Γ kij(g(t)) − Γ
k
ij(g˜)
)
. (1.14)
1The reference metric g˜ is often taken as the initial metric g˜ = g0. In [KrVe18] the authors took
the reference metric g˜ as a Ricci flat conical metric, while the initial metric g0 was a sufficiently
small perturbation of g˜.
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The de Turck vector field W(t) yields a one parameter family of diffeomor-
phisms φ(t) and the pullback φ(t)∗g(t) solves the Ricci flow (1.6). The normal-
ized Ricci de Turck flow is defined, either by subtracting or by adding 2g(t)
on the right hand side of the evolution equation in (1.13), which yields after
pullback by the family of diffeomorphisms φ(t) a solution to (1.7) or (1.12),
respectively.
The aim of this work is to extend these results to the setting of singu-
lar spaces. Some preliminary results have been obtained by Dai and Wang
[DaWa18, DaWa17], who established existence of minimizers for the Perel-
man’s entropies under certain conditions, but could not proceed further due
to a priori weak regularity properties of these minimizers.
More precisely, they showed that the λ-functional and the shrinker entropy
are defined if the scalar curvature of the Link satisfies scal(gF) > n− 1. On the
other hand, it was shown in recent work by Ozuch [Ozu19] that both entropies
are not defined (i.e. the infimum in the definition is −∞) if scal(gF) < n − 1.
The case of equality is not understood in full generality. Building on top of
the work of Dai and Wang, our first main result is an improved asymptotic
expansion for the minimizers which is stated as follows:
Theorem 1.3. Let (Mm, g) be a compact Riemannian manifold with an isolated conical
singularity. Let n = m − 1 and (Fn, gF) be the cross section of the conical part of the
metric g and assume that scal(gF) = n(n−1). Letωg be a minimizer in the definition
of the λ-functional, shrinker or the expander entropy. Then there exists an γ > 0 such
that ωg admits a partial asymptotic expansion
ωg(x, z) = const+O(xγ), as x→ 0,
and moreover for k ∈ N,
|∇kgωg |g(x, z) = O(xγ−k), as x→ 0.
This result is proved below in Corollary 6.2, where the value of γ is made
explicit. In contrast to the results in [DaWa18, DaWa17] we are able to compute
the asympototics of all derivatives of the minimizing functions. In addition, we
get much better asymptotic rates under the assumption on the scalar curvature.
To complete the picture, we also analyze the expander entropy, which has not
been considered by Dai and Wang in the conical case. These asymptotics have
two important consequences which are stated in the following.
Theorem 1.4. Let (Mm, g) be a compact Riemannian manifold with an isolated conical
singularity. Let n = m − 1 and (Fn, gF) be the cross section of the conical part of the
metric g. Then the following statements hold.
(i) Suppose thatm ≥ 5 and scal(gF) = n(n−1). Then, if (M,g) is a Ricci soliton,
it is gradient. Moreover, if (M,g) is steady or expanding, it is Einstein.
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(ii) In dimensionm = 4, the assertions of part (i) hold if Ric(gF) = (n− 1)gF .
This result is proved below in Theorem 7.2, Theorem 8.5 and Theorem 9.4.
In [DaWa18, Corollary 9.2], it has been shown that steady gradient solitons are
Ricci flat but no assertion about non-gradient solitons or the expanding case
has been made. Our third main result studies the entropies along the singular
Ricci de Turck flow.
Theorem 1.5. Let (M,g) be a compact Riemannian manifold with an isolated conical
singularity of dimension dimM ≥ 4 and a tangentially stable cross section.
(i) Then the λ-functional is nondecreasing along the Ricci de Turck flow preserving
conical singularities and constant only along Ricci flat metrics.
(ii) Whenever defined, the shrinker and the expanding entropies are nondecreasing
along the (normalized) Ricci de Turck flow preserving conical singularities and
constant only along shrinking and expanding solitons, respectively.
This statement is proved below in Theorem 7.4, Theorem 8.3 and Theorem
8.6. All the above results also extend to the case of finitely many isolated
conical singularities in an obvious way.
The present paper can also be seen as a continuation of a research program
on the Ricci flow preserving the given singularity structure, initiated in two
dimensions by Mazzeo, Rubinstein and Sesum [MRS11], Yin [Yin10], and in
general dimensions by the second author jointly with Bahuaud in [BaVe14],
[BaVe16].
Let us mention additional references of direct importance to the present dis-
cussion. In the preceding work [Ver16], the second named author establishes
short time existence of Ricci (de Turck) flow preserving an edge singularity,
under an analytic assumption of tangential stability for the cross-section of the
cone. Our joint work [KrVe18] then established stability of the singular Ricci
flow for small perturbations of metrics with isolated conical singularities and
provided an explicit characterization of tangential stability.
Acknowledgements. The authors thank the Priority programme "Geometry
at Infinity" of the German Research Foundation for financial and intellectual
support. The second author thanks Matthias Lesch for useful discussions.
2. Preliminaries on manifolds with conical singularities
In this section we gather the preliminary results obtained by the authors in
[Ver16] and [KrVe18], as well as by Dai and Wang in [DaWa18] and [DaWa17].
2.1. Isolated conical singularities.
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Definition 2.1. Consider a compact smooth manifold M with boundary ∂M = F and
open interior denoted by M. Let C(F) be a tubular neighborhood of the boundary,
with open interior C(F) = (0, 1)x × F, where x is a defining function of the boundary.
Consider a smooth Riemannian metric gF on the boundary F with n = dim F. An
incomplete Riemannian metric g on M with an isolated conical singularity is then
defined to be smooth away from the boundary and
g ↾ C(F) = dx2 + x2gF + h,
where the higher order term h is smooth on C(F) with the following asymptotics at
x = 0. Let g = dx2 + x2gF denote the exact conical part of the metric g over C(F) and
∇g the corresponding Levi Civita connection. Then we require that for some γ > 0
and all integer k ∈ N0 the pointwise norm
| xk∇kgh |g = O(xγ), x→ 0. (2.1)
Remark 2.2. We emphasize here that we do not assume that the higher order term h
is smooth up to x = 0 and do not restrict the order γ > 0. In that sense the notion of
conical singularities in the present discussion is more general than the classical notion
of conical singularities where h is usually assumed to be smooth up to x = 0 with
γ = 1.
We call (M,g) a compact space with an isolated conical singularity, or a
conical manifold2. The definition naturally extends to conical manifolds with
finitely many isolated conical singularities. Since the analytic arguments are
local in nature, we may assume without loss of generality that M has a single
conical singularity only.
Our arguments on the Ricci flow rely on the assumption of tangential stabil-
ity, which has been characterized equivalently in our previous work [KrVe18,
Theorem 1.3]. We take this characterization as a definition.
Definition 2.3. Let (F, gF) be a compact Einstein manifold of dimension n ≥ 2 with
constant (n−1). We write∆E for its Einstein operator, and denote the Laplace Beltrami
operator by ∆. Then (F, gF) is said to be tangentially stable if Spec(∆E|TT) ≥ 0 and
Spec(∆) \ {0} ∩ (n, 2(n+ 1)) = ∅. Similarly, (F, gF) is strictly tangentially stable if
and only if Spec(∆E|TT ) > 0 and Spec(∆) \ {0} ∩ [n, 2(n+ 1)] = ∅.
Furthermore, [KrVe18, Theorem 1.4] also provides an extensive list of exam-
ples where such an assumption of tangential stability is satisfied. The assump-
tion of tangential stability will be used here whenever our arguments employ
2The reader should not confuse the notion of conical manifolds here, with the notion of cone-
like manifolds in [DaWa18]. The cone-like manifolds in [DaWa18] refer to manifolds with
exact conical singularities, where h ≡ 0. The notion of conical manifolds in the present paper
allows for perturbations h as in (2.1), despite similarity in language with [DaWa18].
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the singular Ricci de Turck flow, which is constructed in [Ver16] and [KrVe18]
under this assumption.
2.2. Geometry of conical manifolds.
In this subsection we introduce the notions of b-tangent and b-cotangent
bundles as well as some associated bundles, as in the b-calculus by Melrose
[Mel93, Mel92]. Consider local coordinates (z) = (z1, . . . , zn) on F, dim F = n.
Then (x, z) defines local coordinates on the conical neighborhood C(F) ⊂ M.
The Lie algebra of b-vector fields Vb consists by definition of smooth vector
fields over M that are tangent to the boundary ∂M = {0} × F. In local coordi-
nates (x, z), b-vector fields Vb are locally generated by{
x
∂
∂x
, ∂z =
(
∂
∂z1
, . . . ,
∂
∂zn
)}
,
with coefficients being smooth on M. The b-tangent bundle bTM is defined by
the requirement that the b-vector fields form a spanning set of section for bTM,
i.e. Vb = C∞(M, bTM). Here, we are rather interested in the dual bundle, the b-
cotangent bundle bT ∗M which is generated locally by the following one-forms{
dx
x
, dz1, . . . , dzn
}
. (2.2)
The differential form dx
x
is singular at x = 0 in the usual sense, but is smooth as
section of the b-cotangent bundle bT ∗M. Consider any extension of x : C(F)→
[0, 1] to a smooth function on M, nowhere-vanishing on M. Then the incom-
plete b-tangent space ibTM is defined by the space of sections xC∞(M, ibTM) :=
C∞(M, bTM). The central bundle, used throughout the present discussion will
be the dual incomplete b-cotangent bundle ibT ∗M which is related to its com-
plete counterpart bT ∗M by
C∞(M, ibT ∗M) = xC∞(M, bT ∗M), (2.3)
with the spanning sections given locally in the singular neighborhood C(F) by
{dx, xdz1, . . . , xdzn} . (2.4)
With respect to the notation we just introduced, the exact part g of the conical
metric g in the Definition 2.1 is a smooth section of the vector bundle of the
symmetric 2-tensors of the incomplete b-cotangent bundle ibT ∗M, i.e. g ∈
C∞(Sym2(ibT ∗M) ↾ C(F)).
2.3. Weighted Sobolev spaces on conical manifolds.
We continue in the setup of a conical manifold (M,g). Let ∇g denote the
corresponding Levi Civita covariant derivative. Let the boundary defining
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function x : C(F) → (0, 1) be extended smoothly to M, nowhere vanishing
on M. We consider the space L2(M) of square-integrable scalar functions with
respect to the volume form of g. We define for any s ∈ N and any δ ∈ R the
weighted Sobolev space Hsδ(M) as the closure of compactly supported smooth
functions C∞0 (M) under
‖u‖Hs
δ
:=
s∑
k=0
‖xk−δ∇kgu‖L2 . (2.5)
Note that L2(M,E) = H00(M,E) by construction.
Remark 2.4. An equivalent norm on the weighted Sobolev spaceHsδ(M) can be defined
for any choice of local bases {X1, . . . , Xm} of Vb as follows. We omit the subscript g
from the notation of the Levi Civita covariant derivative and write
‖u‖Hsδ =
s∑
k=0
∑
(j1,··· ,jk)
‖ x−δ
(
∇Xj1 ◦ · · · ◦ ∇Xjk
)
u ‖L2. (2.6)
The next lemma asserts that the weighted Sobolev space Hsδ(M) is well-
defined, i.e. independent of the choice of a conical metric g.
Lemma 2.5. Consider any two incomplete Riemannian metrics g0 and g with isolated
conical singularities, as in Definition 2.1. Then the weighted Sobolev norms ‖·‖0 and
‖·‖ defined in (2.5) with respect to g0 and g, respectively, are equivalent.
Proof. We first prove the statement for g0 being an exact conic metric g0 ↾ C(F) =
dx2+x2gF near the conic singularity, and g being its higher order perturbation.
We begin with the observation that by (2.1) for any integer k ∈ N0 we find as
x→ 0
|∇kg0 (g− g0) |g0 = O(x−k+γ),
|∇kg0 (g− g0) |g = O(x−k+γ).
Consequently, writing Φ := ∇g −∇g0 , we obtain as x→ 0
|∇kg0Φ |g0 = O(x−k−1+γ), |∇kg0Φ |g = O(x−k−1+γ).
Given any k ∈ N0, we want to express ∇g in terms of ∇g0 . Consider any ℓ ∈ N0
such that k ≥ ℓ. Let us write
Jk,ℓ := {(m1, · · · ,mq) ⊂ N0 |
q∑
i=1
(mi + 1) = k − ℓ, q ∈ N}.
Then we find by induction for any k ∈ N0
∇kg =
k∑
ℓ=0
∑
Jk,ℓ
∇m1g0 Φ ◦ · · · ◦ ∇m1g0 Φ ◦ ∇ℓg0 .
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We can now compute for any u ∈ Hsδ(M) as x→ 0
s∑
k=0
xk−δ|∇kgu |g =
s∑
k=0
xk−δ
k∑
ℓ=0
∑
Jk,ℓ
|∇m1g0 Φ ◦ · · · ◦ ∇m1g0 Φ ◦ ∇ℓg0u |g
=
s∑
k=0
xk−δ
k∑
ℓ=0
∑
Jk,ℓ
O(xℓ−k)|∇ℓg0u |g
=
s∑
ℓ=0
O(xℓ−δ)|∇ℓg0u |g =
s∑
ℓ=0
O(xℓ−δ)|∇ℓg0u |g0.
We conclude that the weighted Sobolev norms defined with respect to g and
g0 are equivalent. Since the computation above holds for arbitrary γ ≥ 0, the
statement holds for any two metrics in Definition 2.1. 
2.4. Weighted Hölder spaces on conical manifolds.
This section is basically a repetition of the corresponding definitions in [Ver16]
in the case of isolated conical singularities, cf. [KrVe18]. We consider a man-
ifold (M,g) with isolated conical singularities. Due to the local structure of
constructions, we may assume without loss of generality that we have just one
conical singularity. All constructions extend easily to the case of multiple con-
ical ends.
The Hölder spaces presented here, are the time-independent versions of the
spaces that arise in the construction of the singular Ricci de Turck flow in the
preceding work [Ver16] and [KrVe18]. Regularity in time is not relevant in
the present discussion, and therefore we decided to simplify the setting by
presenting only the time-independent Hölder spaces here.
Definition 2.6. Consider the distance function dM(p, p ′) between any two points
p, p ′ ∈M, defined with respect to the conical metric g, and given in terms of the local
coordinates (x, z) over the singular neighborhood C(F) equivalently by
dM((x, z), (x
′, z ′)) =
(
|x − x ′|2 + (x+ x ′)2|z − z ′|2
) 1
2 .
The Hölder space Cαie(M), α ∈ [0, 1), consists of functions u(p) that are continuous on
M with finite α-th Hölder norm
‖u‖α := ‖u‖∞ + sup
(
|u(p) − u(p ′)|
dM(p, p ′)α
)
<∞. (2.7)
The supremum is taken over all (p, p ′) ∈M23.
3As explained in [Ver16] we can assume without loss of generality that the tuples (p, p ′) are
always taken from within the same coordinate patch of a given atlas.
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We now extend the notion of Hölder spaces to sections of the vector bundle
S = Sym2(ibT ∗M) of symmetric 2-tensors.
Definition 2.7. The Riemannian metric g yields a fibrewise inner product on S, de-
noted again by g. The Hölder space Cαie(M,S) consists by definition of all sections ω
of S which are continuous on M, such that for any local orthonormal frame {sj} of S,
the scalar functions g(ω, sj) are Cαie(M).
The α-th Hölder norm of ω is defined using a partition of unity {φj}j∈J subordi-
nate to a cover of local trivializations of S, with a local orthonormal frame {sjk} over
supp(φj) for each j ∈ J. We put
‖ω ‖(φ,s)α :=
∑
j∈J
∑
k
‖g(φjω, sjk)‖α. (2.8)
Norms corresponding to different choices of ({φj}, {sjk}) are equivalent and
we may drop the upper index (φ, s) from notation.
We now turn to weighted and higher order Hölder spaces, where the weights
are defined in terms of powers of the boundary defining function x : C(F) →
(0, 1), extended smoothly to M, nowhere vanishing on M.
Definition 2.8. (1) The weighted Hölder space for γ ∈ R is
xγ Cαie(M,S) := { xγω | ω ∈ Cαie(M,S) }
with Hölder norm ‖xγω ‖α,γ := ‖ω ‖α.
(2) The hybrid weighted Hölder space for γ ∈ R is
Cαie(M,S),γ := xγ Cαie(M,S) ∩ xγ+αC0ie(M,S)
with Hölder norm ‖ω ‖ ′α,γ := ‖x−γω ‖α + ‖x−γ−αω ‖∞.
(3) The weighted higher order Hölder spaces, which specify regularity of solutions
under application of the Levi Civita covariant derivative ∇ of g on symmetric
2-tensors and time differentiation are defined for any γ ∈ R and k ∈ N by4
Ck,αie (M,S)γ = {ω ∈ Cαie,γ | ∇jVb ω ∈ Cαie,γ for any j ≤ k},
Ck,αie (M,S)bγ = {u ∈ Cαie | ∇jVbu ∈ xγ Cαie for any j ≤ k},
where the upper index b in the second space indicates the fact that despite
the weight γ, the solutions u ∈ Ck,αie (M,S)bγ are only bounded, i.e. u ∈ Cαie.
The corresponding Hölder norms are defined using local bases {Xi} of V and
4Differentiation is a priori understood in the distributional sense.
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Dk := {∇Xi1 ◦ · · · ◦ ∇Xij | j ≤ k} by
‖ω ‖k+α,γ =
∑
j∈J
∑
X∈Dk
‖X(φjω)‖ ′α,γ + ‖ω ‖ ′α,γ, on C2+αie (M,S)γ,
‖u‖k+α,γ =
∑
j∈J
∑
X∈Dk
‖X(φju)‖α,γ + ‖u‖α, on C2+αie (M,S)bγ.
(4) In case of γ = 0 we just omit the lower weight index and write e.g. Ck,αie (M,S)
and Ck,αie (M,S)b.
The Hölder norms for different choices of local bases {X1, . . . , Xm} of Vb and
different choices of Riemannian metrics g with isolated conical singularities,
are equivalent due to compactness of M and F by an argument as in Lemma
2.5.
The vector bundle S decomposes into a direct sum of sub-bundles
S = S0 ⊕ S1, (2.9)
where the sub-bundle S0 = Sym20(
ibT ∗M) is the space of trace-free (with respect
to the fixed metric g) symmetric 2-tensors, and S1 is the space of pure trace
(with respect to the fixed metric g) symmetric 2-tensors. The sub bundle S1 is
trivial real vector bundle over M of rank 1.
Definition 2.8 extends ad verbatim to sections of S0 and S1. Since the sub-
bundle S1 is a trivial rank one real vector bundle, its sections correspond to
scalar functions. Since the regularity assumptions needed for sections of S0
are slightly different from the regularity assumptions for sections of S1, we
introduce hybrid Hölder spaces.
Definition 2.9. Let (M,g) be a compact conical manifold and assume that the conical
cross section (F, gF) is strictly tangentially stable. Then we define
Hk,αγ (M,S) := Ck,αie (M,S0)γ ⊕ Ck,αie (M,S1)bγ.
If (F, gF) is tangentially stable but not strictly tangentially stable, we set instead
Hk,αγ (M,S) := Ck,αie (M,S)bγ.
2.5. Singular Ricci de Turck flow.
We shall present here the short time existence result obtained by the second
author in [Ver16] in a simple way, which is sufficient for the purpose of the
present discussion. We consider a compact manifold (M,g0) with an isolated
conical singularity. We study the Ricci de Turck flow with g0 as the reference
and the initial metric
∂tg(t) = −2Ric(g(t)) + LW(t)g(t), g(0) = g0, (2.10)
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where W(t) is the de Turck vector field defined in terms of the Christoffel
symbols for the metrics g(t) and the reference metric g˜
W(t)k = g(t)ij
(
Γ kij(g(t)) − Γ
k
ij(g˜)
)
. (2.11)
While the reference metric g˜ is usually taken as the initial metric g0, in case of g˜
being Ricci flat, the initial metric g0 can be chosen as a sufficiently small pertur-
bation of g˜. This case has been the focal point of our work in [KrVe18], where
stability of the Ricci de Turck flow in the singular setting has been addressed.
We need to impose additional conditions for the Ricci de Turck flow to exist
in the singular setting.
Definition 2.10. Let (M,g0) be a conical manifold with an isolated conical singular-
ity. Then the conical metric g0 is said to be admissible, if it satisfies the following
assumptions for γ > 0 as in (2.1), all k ∈ N and some α ∈ (0, 1).
(1) The cross section (F, gF) is assumed to be tangentially stable.
(2) The Laplace Beltrami operator ∆F of (F, gF) satisfies ∆F ↾ (ker∆F)⊥ ≥ dim F.
(3) Let scal(g0) denote the scalar curvature of g and Ric◦(g0) the trace-free part of
the Ricci curvature tensor. Then we assume 5
scal(g0) ∈ x−2+γCk+1,αie (M,S1),
Ric◦(g0) ∈ Ck+1,αie (M,S0)−2+γ.
(2.12)
(4) For any X1, . . . , X4 ∈ C∞(M, ibTM) we have for the curvature (0, 4)-tensor
Rm(g0)(X1, X2, X3, X4) ∈ x−2Ck+1,αie (M).
We call g0 + h an admissible perturbation if h ∈ Hk+2,αγ (M,S)6.
Remark 2.11. Note that if (F, gF) is Einstein, (2) follows from (1) by the Obata-
Lichnerowicz eigenvalue estimate [Oba62].
The admissibility condition ∆F ↾ (ker∆F)⊥ ≥ dim F sharpens the condition
that (F, gF) is tangentially stable and is due to analytic arguments in the sec-
tions below; it is actually not needed for the result on the existence of Ricci de
Turck flow below. Similarly, for the singular Ricci de Turck flow to exist, the
admissibility conditions need not to be satisfied for all k ∈ N, which would
imply smoothness of g in the open interior M, but only for some fixed inte-
ger. We still impose these more general conditions in order to gather all the
conditions on the conical metric g under the umbrella admissible metrics.
5In view of Definition 2.1 (2.1) the condition (3) is satisfied if the leading exact part g =
dx2 + x2gF of the conical metric g0 with g0 ↾ C(F) = g + h is Ricci flat, and the higher order
term h not only satisfies (2.1), but in particular is an element of Ck+3,αie (M,S)γ.
6In case h ∈ Hk+2,αγ ′ (M,S) with γ ′ < γ, we can simply replace γ by γ ′.
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The main result of [Ver16, Theorem 4.1], see also [KrVe18, Theorem 1.2], is
the following theorem.
Theorem 2.12. Let (M,g0) be a conical manifold with an admissible metric g0. Let
the reference metric g˜ be either equal to g0 or an admissible conical Ricci flat metric, in
which case g0 is assumed to be a sufficiently small perturbation of g˜ inHk+2,αγ (M,S).
Then there exists some T > 0, such that the Ricci de Turck flow (2.10) with reference
metric g˜, starting at g0 admits a solution g(t), t ∈ [0, T ], which is an admissible
perturbation of g0, i.e. g(t) ∈ Hk+2,αγ ′ (M,S) for each t, all k ∈ N and some γ ′ ∈ (0, γ)
sufficiently small.
We point out that [Ver16, Theorem 4.1] actually addresses regularity of g(t)
in t ∈ [0, T ] as well, but this aspect is irrelevant in the present discussion.
2.6. Perelman’s entropies in the singular setting.
Given an admissible perturbation g of the conical metric g0, the pointwise
trace of g with respect to g0, denoted as trg0g is by definition of admissibility
an element of the Hölder space Ck,αie (M,S1)bγ. As explained in [Ver16, §5], trg0g,
restricts at x = 0 to a constant function (trg0g)(0) = u0 > 0 along F. Setting
x˜ :=
√
u0 · x, the admissible perturbation g = g0 + h attains the form
g = dx˜2 + x˜2gF + h˜,
where |h˜|g = O(xγ) as x → 0. Note that the leading part of the admissible
perturbation g near the conical singularity differs from the leading part of the
admissible metric g0 only by scaling. In particular our notion of admissible
perturbations is included in the notion of metrics with isolated conical sin-
gularities in Definition 2.1 and Dai-Wang [DaWa18, Definition 2.1] and hence
their arguments apply to any admissible perturbation g.
We shall review the results of [DaWa18] and [DaWa17] here, which hold for
singular Riemannian metrics in Definition 2.1.
Remark 2.13. The results of [DaWa18] and [DaWa17] are stated under the addi-
tional assumption that γ ≥ 1 for the weight γ in (2.1). The authors put the restriction
γ ≥ 1 in order to ensure that Hsδ(M)-Sobolev norms defined with respect to an exact
conical metric and its higher order perturbation are equivalent. However, the authors
miss that for weighted (!) Sobolev spaces, the norms are equivalent by Lemma 2.5 with-
out any additional assumption on γ. Therefore we may state the results of [DaWa18]
and [DaWa17] for general γ > 0.
2.6.1. λ-functional on conical manifolds.
The λ-functional in (1.1) can be rewritten after a substitution ω := e−f/2 in
the following equivalent form, where in the singular setting we minimize over
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ω ∈ H11(M) instead of C∞(M)
λ(g) = inf
{∫
M
(scal(g)ω2 + 4|∇ω|2g) dVg | ω ∈ H11(M), ω > 0,
∫
M
ω2 dVg = 1
}
.
The following result is due to Dai and Wang [DaWa18, Theorem 1.4]
Theorem 2.14. Let (M,g0) be a conical manifold of dimensionm with an admissible
metric g0 and an admissible perturbation g. Denote by ∆g the Laplace Beltrami opera-
tor of g, with the positive sign convention. Then λ(g) is finite with the minimizer ωg
solving the equation
4∆gωg+scal(g)ωg = λ(g)ωg, (2.13)
and satisfying the asymptotics ωg(x) = o
(
x−
m−2
2
)
as x→ 0 7.
2.6.2. The shrinker entropy on conical manifolds.
The functional W−(g, f, τ) in (1.2) can be rewritten after a substitution ω :=
e−f/2 in the following equivalent form
W−(g,ω, τ) := 1
(4πτ)m/2
∫
M
[τ(scal(g) ·ω2+4|∇ω |2g) − 2ω2 lnω−mω2] dVg.
The Ricci shrinker entropy in (1.3) is then redefined in the singular setting by
minimizing over ω ∈ H11(M) instead of C∞(M)
µ−(g, τ) = inf
{
W−(g,ω, τ) | ω ∈ H11(M), ω > 0,
1
(4πτ)m/2
∫
M
ω2 dVg = 1
}
.
The following result is due to Dai and Wang [DaWa17, Theorem 1.4].
Theorem 2.15. Let (M,g0) be a conical manifold of dimensionm with an admissible
metric g0 and an admissible perturbation g. Denote by ∆g the Laplace Beltrami opera-
tor of g, with the positive sign convention. Then for any fixed τ > 0, the Ricci shrinker
entropy ν−(g, τ) is finite with the minimizerωg solving the equation
τ(−4∆gωg−scal(g)ωg) + 2 log(ωg)ωg+(m + ν−(g, τ))ωg = 0 (2.14)
and satisfying for any ε > 0 the asymptotics ωg(x) = o
(
x−
m−2
2
−ε
)
as x→ 0.
It is now shown exactly as in [CCG+07, Corollary 6.34], that if λ(g) > 0, the
real number ν−(g) = inf {µ−(g, τ) | τ > 0} exists and is attained by a parameter
τg and a minimizing function ωg satisfying the asymptotics from Theorem
2.15.
2.6.3. The expander entropy on conical manifolds.
7In case of an exact conical singularity, [DaWa18] also obtain a full asymptotics of ωg.
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The functional W+(g, f, τ) in (1.9) can be rewritten after a substitution ω :=
e−f/2 in the following equivalent form
W+(g,ω, τ) := 1
(4πτ)m/2
∫
M
[τ(scal(g) ·ω2+ 4|∇ω |2g) + 2ω2 lnω+mω2] dVg.
The expander entropy in (1.8) is then redefined in the singular setting by min-
imizing over ω ∈ H11(M) instead of C∞(M)
µ+(g, τ) = inf
{
W+(g,ω, τ) | ω ∈ H11(M), ω > 0,
1
(4πτ)m/2
∫
M
ω2 dVg = 1
}
.
The following result is an analogue of [DaWa17, Theorem 1.4].
Theorem 2.16. Let (M,g0) be a conical manifold of dimension m with an admissi-
ble metric g0 and an admissible perturbation g. Denote by ∆g the Laplace Beltrami
operator of g, with the positive sign convention. Then for any fixed τ > 0, the Ricci
expander entropy ν−(g, τ) is finite with the minimizerωg solving the equation
τ(−4∆gωg−scal(g)ωg) − 2 log(ωg)ωg+(−m+ ν+(g, τ))ωg = 0 (2.15)
and satisfying for any ε > 0 the asymptotics ωg(x) = o
(
x−
m−2
2
−ε
)
as x→ 0.
Sketch of proof. We now follow the strategy in [DaWa17, p. 12-14]. At first,
there exist positive constants A,C1, C2 > 0 such that
C1 ‖ω‖2H11 ≤
∫
M
[
4|∇ω |2 + (A+ scal(g))ω2] dVg ≤ C2 ‖ω‖2H11 .
see [DaWa17, (4.7)]. By [DaWa17, Lemma 4.1] and since the function x 7→
x log x has a lower bound, there exists a constant C3 < 0 and for any ǫ > 0 a
constant C4 = C4(ǫ) > 0 such that
C3 ≤
∫
M
2ω2 logω dVg ≤ ǫ
∫
M
|∇ω |2 dVg + C4
for all ω ∈ H11(M), ω > 0,
∫
M
ω2 dVg = 1. Thus for τ > 0 fixed,
−∞ < C5 + C6 ‖ω‖2H1
1
≤ W+(g,ω, τ) ≤ C7 ‖ω‖2H1
1
+ C8
for all ω ∈ H11(M), ω > 0,
∫
M
ω2 dVg = 1 and some constants C5 < 0 and
C6, C7, C8 > 0. Let now ωi be a minimizing sequence for µ+(g, τ). Then ‖ωi‖H11
is uniformly bounded and by passing to a subsequence, we may assume the ex-
istence of ω0 ∈ H11(M) such that ωi converges to ω0 weakly in H11 and strongly
in L2. From that, we get in particular that ω0 ≥ 0 almost everywhere and that
‖ω0‖L2 = 1. To show that ω0 is a minimizer in the definition of µ+(g, τ) it
suffices to show thatW+(g,ωi, τ)→W+(g,ω0, τ) which is shown exactly as in
[DaWa17, p. 13-14]. This minimizer is a weak solution of the Euler-Lagrange
equation (2.15). Smoothness is then shown by standard arguments, see e.g.
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[AH11, p. 178]. To show uniqueness, observe that by substituting v = ω2, W+
can be rewritten as
W+(g, v, τ) =
∫
M
[
τ(4|∇v1/2|2 + scal(g) · v) + v log v+mv] dV
which is strictly convex on the cone of smooth functions satisfying
∫
M
v dV = 1
and v > 0, see [FIN05, p. 9]. The asymptotics of the minimizers is shown
exactly as in [DaWa17, Section 5]. 
It is now shown exactly as in [FIN05, p. 10], that if λ(g) < 0, ν+(g) =
sup {µ+(g, τ) | τ > 0} exists and is attained by a parameter τg and a minimizing
function ωg satisfying the asymptotics from Theorem 2.16.
3. Essential self-adjointness of the Laplace Beltrami operator
Consider an incomplete Riemannian manifold (M,g) with a conical metric
g in the sense of Definition 2.1. In the singular neighborhood C(F) = (0, 1)× F
of the conical singularity such a metric g is given by
g ↾ C(F) = dx2 + x2gF + h,
where (F, gF) is a closed smooth Riemannian manifold and h is a higher or-
der term in the sense of (2.1). In this section we shall establish essential self-
adjointness of the Laplace Beltrami operator ∆, where notably h is not assumed
to be smooth and usual arguments do not apply. In fact we consider a slightly
more general case of a Schrödinger operator for any q ∈ R
L := ∆+ q · scal(g).
In case of q 6= 0we additionally impose the admissibility assumption of Defini-
tion 2.10. We define the maximal closed extension of ∆ in L2(M) with domain
D(∆max) := {ω ∈ L2(M) | ∆ω ∈ L2(M)}, (3.1)
where ∆ω is defined distributionally. We may also define the minimal closed
extension of ∆ in L2(M) as the domain of the graph closure of ∆ acting on
smooth compactly supported functions C∞0 (M). More precisely, the minimal
domain is defined by
D(∆min) := {ω ∈ D(∆max) | ∃(ωn)n∈N ⊂ C∞0 (M) : un := ω−ωn
‖un‖∆ := ‖∆un‖2L2 + ‖un‖2L2 → 0 as n→∞}
The Friedrichs self-adjoint extension of ∆ in L2(M) is defined as the intersection
of D(∆max) with the domain of the graph closure of the square root of ∆ acting
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on C∞0 (M). More precisely the Friedrichs domain is given by
D(∆F) := {ω ∈ D(∆max) | ∃(ωn)n∈N ⊂ C∞0 (M) : un := ω−ωn
‖un‖F := (∆un, un)L2 + ‖un‖2L2 → 0 as n→∞}. (3.2)
Consider an exact conical metric g0, smooth in M and given over C(F) by
g0 ↾ C(F) = dx
2 + x2gF.
We shall write ∆0 for the Laplace Beltrami operator of g0. The maximal, min-
imal and Friedrichs domains for ∆0 are defined analogously and in fact are
equal by the following classical result.
Proposition 3.1. Let dim F = n ≥ 3. Then ∆0 is essentially self-adjoint and moreover
D(∆0,min) = D(∆0,max) = D(∆
F
0 ) = H
2
2(M). (3.3)
Proof. Let (λ,ωλ)λ be the set of eigenvalues and corresponding eigenfunctions
of the Laplace Beltrami operator ∆F of (F, gF). The Laplace Beltrami operator is
non-negative, λ ≥ 0, and we may define
ν(λ) :=
√
λ +
(
n − 1
2
)2
. (3.4)
Standard arguments, see e.g. [MaVe12, Lemma 2.2] or [KLP08], cf. the ex-
position in [Ver09], show that for each ω ∈ D(∆0,max) there exist constants
c±λ (ω), ν(λ) ∈ [0, 1), depending only onω, such that ω admits a partial asymp-
totic expansion as x→ 0
ω =
∑
ν(λ)=0
(
c+λ (ω)x
−
(n−1)
2 + c−λ (ω)x
−
(n−1)
2 log(x)
)
·ωλ
+
∑
ν(λ)∈(0,1)
(
c+λ (ω)x
ν(λ)−
(n−1)
2 + c−λ (ω)x
−ν(λ)−
(n−1)
2
)
·ωλ + ω˜,
(3.5)
where ω˜ ∈ D(∆0,min). If n ≥ 3, ν(λ) ≥ 1 for any eigenvalue λ ≥ 0 of ∆F. Hence
minimal and maximal domains, and consequently any self-adjoint domain in-
cluding the Friedrichs extension, coincide.
The statement now follows using elements of Melrose’s b-calculus [Mel93].
The operator x2∆0 is an elliptic differential b-operator in the sense of Melrose
[Mel93] and a central consequence of Melrose’s b-calculus is existence of a
parametrix Q, such that Q ◦ x2∆0 = Id− R, where for any δ ∈ R and ℓ ∈ N0
Q : Hℓδ(M)→ Hℓ+2δ (M),
R : Hℓδ(M)→ H∞δ (M) ∩Aphg(M). (3.6)
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Here Aphg(M) denotes the space of smooth functions on M that admit a full
asymptotic expansion as x→ 0 in terms of powers of x and log(x) with smooth
coefficients. Consider any ω ∈ D(∆0,max) with ∆0ω = f ∈ L2(M). Then,
applying the parametrix Q to both sides of the equation x2∆0ω = x2f we
obtain
ω = Rω+Q(x2f) =: ω1+ω3 .
By (3.6) we find
ω1 ∈ H∞0 (M) ∩ Aphg(M), ω2 ∈ H22(M),
∆0ω1 ∈ H∞−2(M) ∩ Aphg(M), ∆0ω2 ∈ L2(M).
Since ω1 ∈ L2(M) ∩Aphg(M) there exists µ > −n+12 and p ∈ N0 such that
ω1(x, z) ∼ α(z) · xµ logp(x), as x→ 0,
for some α ∈ C∞(F). Applying ∆0 to the expansion above we obtain as x→ 0
∆0ω1(x, z) ∼
(
(−µ(µ− 1) − nµ)α(z) + ∆F α(z)
)
· x−2+µ logp(x). (3.7)
Since ∆0ω,∆0ω2 ∈ L2(M), we conclude that ∆0ω1 ∈ L2(M). We now want to
prove that ω1 ∈ H2ρ(M). For n ≥ 3, the leading coefficient in (3.7) can vanish
only if µ ≥ 08, in which caseω1 ∈ H22(M) as desired. Otherwise, ∆0ω1 ∈ L2(M)
together with the expansion (3.7) implies µ > −n+1
2
+ 2, in which case ω1 ∈
H22(M) as well. We conclude ω ∈ H22(M). This proves D(∆0,max) ⊆ H22(M). The
converse inclusion is clear by definition and hence the statement follows. 
Corollary 3.2. Let dim F = n ≥ 3. Then L is essentially self-adjoint and moreover
D(Lmin) = D(Lmax) = H
2
2(M). (3.8)
Proof. Let us now consider the difference
V := L− ∆0 = ∆− ∆0 + q · scal(g) : Hkρ(M)→ Hk−2−2+ρ+γ(M). (3.9)
which is a bounded operator for any k ∈ N and any ρ ∈ R, by the admissi-
bility assumption in Definition 2.10. Consequently for any ε > 0 there exists
some δ > 0 sufficiently small such that for any test function φ ∈ C∞0 (M) with
compact support suppφ ⊂ (0, δ)× F ⊂M and any u ∈ C∞0 (M)
‖φVu‖L2 ≤ sup
p∈(0,δ)×F
xγ(p) · ‖u‖H22(M) ≤ ε · ‖u‖H22(M). (3.10)
Fix ε < 1 and fix a corresponding δ > 0. Proposition 3.1 applies to ∆0+(1−φ)V
instead of ∆0, since (1−φ)V is a smooth differential operator supported away
8The other case µ ≤ −n + 1 is excluded due to µ > −n+1
2
.
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from the conical singularity. In particular
Dmin(∆0 + (1−φ)V) = Dmax(∆0 + (1−φ)V) = H
2
2(M).
We now employ a result by Kato, [Kat95, Ch. V, §4, Theorem 4.5, p.289] which
states the following: Let T, S be two symmetric operators with same domain
D in a Hilbert space. Assume that for any u ∈ D we have the inequality
‖(S − T)u‖ ≤ a‖u‖ + b(‖Tu‖ + ‖Su‖) for a ≥ 0 and b ∈ [0, 1). Then S is
essentially self-adjoint if and only if T is. The domains of their unique self-
adjoint extensions coincide.
Hence for ε > 0 sufficiently small, we conclude that L = ∆0 + (1−φ)V +φV
is essentially self-adjoint with same self-adjoint domain H22(M). 
4. Construction of a heat parametrix
We consider the Laplace Beltrami operator ∆ on a Riemannian manifold
(M,g) with isolated conical singularities in the sense of Definition 2.1. We
consider for any q ∈ R the Schrödinger operator L = ∆+ q · scal(g). In case of
q 6= 0 we also impose the admissibility assumption in Definition 2.10. In this
subsection we consider the heat equation
(∂t + L) ω(t, p) = 0, ω(0, p) = ω0(p),
and explain how to construct its fundamental solution, following the heat ker-
nel construction of [MaVe12], which is actually due to Mooers [Moo99] in the
present conical setting. The solution is an integral convolution operator acting
on compactly supported sections ω by
(Hω) (t, p) =
∫
M
(H (t, p, p˜) , ω(p˜))g dV(p˜), (4.1)
The integral kernel of H is a distribution on M2h = R
+ × M˜2. Consider the
local coordinates near the corner in M2h given by (t, (x, z), (x˜, z˜)), where (x, z)
and (x˜, z˜) are two copies of coordinates on M near the conical singularity. The
kernel H(t, (x, z), (x˜, z˜)) has non-uniform behaviour at the submanifolds
A = {(t, (x, z), (x˜, z˜)) ∈M2h | t = 0, x = x˜ = 0},
D = {(t, p, p˜) ∈M2h | t = 0, p = p˜},
which requires an appropriate blowup of the heat space M2h, such that the
corresponding heat kernel lifts to a polyhomogeneous distribution in the sense
of the following definition, which we cite from [Mel93] and [MaVe12].
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Definition 4.1. Let W be a manifold with corners and {(Hi, ρi)}Ni=1 an enumeration of
its (embedded) boundaries with the corresponding defining functions. For any multi-
index b = (b1, . . . , bN) ∈ CN we write ρb = ρb11 . . . ρbNN . Denote by Vb(W) the space
of smooth vector fields on W which lie tangent to all boundary faces. A distribution ω
on W is said to be conormal, if ω is a restriction of a distribution across the boundary
faces of W, ω ∈ ρbL∞(W) for some b ∈ CN and V1 . . . Vℓω ∈ ρbL∞(W) for all
Vj ∈ Vb(W) and for every ℓ ≥ 0. An index set Ei = {(γ, p)} ⊂ C × N0 satisfies the
following hypotheses:
(1) Re(γ) accumulates only at +∞,
(2) for each γ there exists Pγ ∈ N0, such that (γ, p) ∈ Ei for all p ≤ Pγ,
(3) if (γ, p) ∈ Ei, then (γ+ j, p ′) ∈ Ei for all j ∈ N0 and 0 ≤ p ′ ≤ p.
An index family E = (E1, . . . , EN) is an N-tuple of index sets. Finally, we say that
a conormal distribution ω is polyhomogeneous on W with index family E, we write
ω ∈ AEphg(W), if ω is conormal and if in addition, near each Hi,
ω ∼
∑
(γ,p)∈Ei
aγ,pρ
γ
i (log ρi)
p, as ρi → 0,
with coefficients aγ,p conormal on Hi, polyhomogeneous with index Ej at any intersec-
tion Hi ∩Hj of hypersurfaces.
We review briefly the sequence of parabolic blowups as outlined in [MaVe12].
First we define the parabolic blowup [M2h, A] (parabolic in the sense that we
treat
√
t as a smooth variable) as the disjoint union of M2h\A with the inte-
rior spherical normal bundle of A in M2h under appropriate identifications, cf.
[Mel93]. The blowup [M2h, A] is equipped with the minimal differential struc-
ture containing smooth functions in the interior of M2h and polar coordinates
on M2h around A. The interior spherical normal bundle of A defines a new
boundary hypersurface − the front face ff in addition to the previous bound-
ary faces {x = 0}, {x˜ = 0} and {t = 0}, which lift to rf (the right face), lf (the left
face) and tf (the temporal face), respectively.
The heat-spaceM2h is obtained by a second parabolic blowup of [M
2
h, A] along
the diagonal D, lifted to a submanifold of [M2h, A]. We proceed as before by
cutting out the lift of D and replacing it with its spherical normal bundle,
under appropriate identifications, which introduces a new boundary face −
the temporal diagonal td. The heat space M2h is equipped with the blowdown
map β : M2h →M2h and is illustrated in Figure 1.
Instead of polar coordinates on the heat space M2h, we may consider a con-
venient replacement by projective coordinates near each boundary face. Their
advantage is that local computations are much easier in the projective coordi-
nates, their disadvantage is that projective coordinates are not globally defined
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t
x x˜
rflf
tftf
td
ff
Figure 1. The heat-space M2h.
over the entire boundary face. Near the top corner of the front face ff, projective
coordinates are given by
ρ =
√
t, ξ =
x
ρ
, ξ˜ =
x˜
ρ
, z, z˜ . (4.2)
With respect to these coordinates, ρ, ξ, ξ˜ are in fact the defining functions of
the boundary faces ff, rf and lf respectively. For the bottom right corner of the
front face, projective coordinates are given by
τ =
t
x˜2
, s =
x
x˜
, z, x˜, z˜, (4.3)
where in these coordinates τ, s, x˜ are the defining functions of tf, rf and ff
respectively. For the bottom left corner of the front face, projective coordinates
are obtained by interchanging the roles of x and x˜. Projective coordinates on
M2h near temporal diagonal are given by
η =
√
t
x
, S =
(x− x˜)√
t
, Z =
x˜(z− z˜)√
t
, x, z. (4.4)
In these coordinates, tf is defined as the limit |(S, Z)|→∞, ff and td are defined
by x˜, η, respectively. The blow-down map β : M2h →M2h is in local coordinates
simply the coordinate change back to (t, (x, z), (x˜, z˜)).
We now proceed with the definition of a heat calculus on M2h, which up to
rescaling corresponds to the definition provided in [MaVe12, Definition 3.1].
Definition 4.2. We define Ψ ℓ,p,Elf,Erfphg (M) to be the space of all integral operators A
with Schwartz kernels KA that lift to a polyhomogeneous function β∗KA on M2h with
(1) the index set (−dimM− 2+ ℓ+ N0 ; 0) at the front face ff,
(2) the index set (−dimM+ p+ N0 ; 0) at the temporal diagonal td,
(3) the index sets Elf, Erf at the left and right faces, respectively,
(4) and vanishing to infinite order at the temporal face tf.
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This indeed defines a calculus in view of the following composition result,
cf. [MaVe12, Theorem 5.3] in the more general case of non-isolated conical
singularities. There the authors study the kernels under an additional unitary
rescaling [MaVe12, (2.1)], leading to a shift of the index sets.
Theorem 4.3. For index sets Erf and E ′rf such that Elf + E
′
rf > −1 − n, we have
Ψ ℓ,p,Elf ,Erfphg (M) ◦ Ψ
ℓ ′,∞,E ′lf,E
′
rf
phg (M) ⊂ Ψ ℓ+ℓ
′,∞,Plf,Prf
phg (M),
where the front face expansion does not contain logarithmic terms and 9
Plf = E
′
lf∪(Elf + ℓ ′),
Prf = Erf∪(E ′rf + ℓ).
Ultimately, we will have to deal with operators whose integral kernels are
not necessarily polyhomogeneous any longer, but are only conormal with cer-
tain bounds. We therefore we extend the definition of a heat calculus above to
include the cases of interest as follows.
Definition 4.4. We define Ψ ℓ,p,µ1,µ2(M) to be the space of all integral operators A
with Schwartz kernels KA that lift to conormal functions β∗KA on M2h, vanishing to
infinite order at tf and, writing ρ∗ for a defining function of the boundary face ∗
β∗KA = ρ
−dimM−2+ℓ
ff ρ
−dimM+p
td ρ
µ1
lf ρ
µ2
rf L
∞(M2h).
If Elf ≥ µ1, Erf ≥ µ2, then the polyhomogeneous and conormal calculi are related by
Ψ
ℓ,p,Elf,Erf
phg (M) ⊆ Ψ ℓ,p,µ1,µ2(M).
The composition result in Theorem 4.3 extends to the case of conormal inte-
gral kernels with bounds, compare e.g. [AlGR17], using a version of Melrose’s
Pushforward theorem with bounds. We concludes with the following compo-
sition result.
Theorem 4.5. For µ1 + µ ′2 > −1− n, we have
Ψ ℓ,p,µ1,µ2(M) ◦ Ψ ℓ ′,∞,µ ′1,µ ′2(M) ⊂ Ψ ℓ+ℓ ′,∞,µ ′′1 ,µ ′′2 (M),
where we have set µ ′′k := min{µk, µ
′
k + ℓ
′} for k = 1, 2.
We may now proceed with constructing the fundamental solution to the
heat equation. Exactly as in the heat kernel construction in [MaVe12, §3.2] we
construct an initial heat parametrix as follows. We choose any smooth cutoff
function χ ∈ C∞[0,∞) such that χ ↾ [0, ε] ≡ 1 and χ ↾ [2ε,∞) ≡ 0 for ε > 0
9We define for any index sets E1, E2 the extended union by E1∪E2 := E1∪E2∪ {(z, p1+p2+1) |
(z, p1) ∈ E1, (z, p2) ∈ E2}.
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sufficiently small. Then we set in terms of projective coordinates (4.2)
β∗H0(τ, ξ, z, ξ˜, z˜) := χ(τ) · τ−n(ξξ˜)n2
⊕
λ
(ξξ˜)
1
2
2τ
Iν(λ)
(
ξξ˜
2τ
)
e−
ξ2+ξ˜2
4τ φλ(z)φλ(z˜),
where λ runs over the spectrum of ∆F, counted with multiplicities, with corre-
sponding eigenfunctions given by φλ, ν(λ) is defined by (3.4) and Iν(λ) denotes
the modified Bessel function of first kind. The factor τ−n(ξξ˜)
n
2 in fact does not
appear in [MaVe12, (3.9)], since the analysis there is performed under a unitary
rescaling, cf. [BaVe14, (2.6)]. We can regard β∗H0 as a polyhomogeneous func-
tion on M2h, where identifying the integral kernel H0 with the corresponding
integral operator, we find (check the statement in local projective coordinates)
H0 ∈ Ψ 2,0,E,Ephg (M), E :=
{(
−
n − 1
2
+
√
λ +
n− 1
2
; 0
)
| λ ∈ Spec∆F
}
. (4.5)
Now by the standard procedure, cf. [Mel93] and [MaVe12], H0 can be refined
at td, staying polyhomogeneous with same index sets, such that it solves the
heat equation up to an error
(∂t + L)H0 = Id+ R
where β∗R vanishes to infinite order at td and tf, with the index set E at lf.
Now, in contrast to [MaVe12], β∗R is not polyhomogeneous unless the higher
order term h in the conical metric is smooth up to x = 0. Generally we can
only conclude like in (3.9), that
β∗R = ρ−dimM−2+γff ρ
−2+γ
rf L
∞(M2h), i.e. R ∈ Ψγ,∞,E,−2+γ(M).
We wish to invert (Id+ R) and consider the following formal Neumann series
Id+
∞∑
k=1
Rk =: Id+ P,
where the compositions Rk are defined with convolution in time. Such a series
is generally referred to as a Volterra series. In fact a slightly finer analysis, cf.
[Mel93] and also [BGV92], shows that this formal series actually converges.
While [BGV92] refers to the case of compact manifolds, and [Mel93] to mani-
folds with cylindrical ends, the estimates translate immediately to our setting,
with convergence being a general feature of such Volterra series.
We conclude in view of Theorem 4.5 that P ∈ Ψγ,∞,0,−2+γ(M). At the left
boundary face lf we can be more precise. Writing Nlf(P) for the restriction of P
to lf, we in fact have the following asymptotics
β∗P = Nlf(P) +O(ρ
γ
lf), ρlf → 0, (4.6)
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where we write
γ := min
{
γ, µ(λ) = −
n − 1
2
+
√
λ+
(
n − 1
2
)
| λ ∈ Spec∆F\{0}
}
.
We may now conclude our heat parametrix construction with the following
Theorem 4.6. Consider a Riemannian manifold (M,g) with isolated conical singu-
larities in the sense of Definition 2.1. Consider any q ∈ R. In case of q 6= 0 we addi-
tionally impose the admissibility assumption in Definition 2.10. Then the Schrödinger
operator L = ∆+ q · scal(g) admits a fundamental solution H to its heat equation
H := H0 ◦ (Id+ R)−1 = H0 ◦ (Id+ P),
such that the lift β∗H is a conormal function on M2h with H ∈ Ψ 2,0,0,0(M), where
writing Nlf(H) and Nrf(H) for the restriction of H to the left and right boundary
hypersurfaces, respectively, we in fact have the following asymptotics at lf and rf
β∗H = Nlf(H) +O(ρ
γ
lf), ρlf → 0,
β∗H = Nrf(H) +O(ρ
γ
rf), ρlf → 0, (4.7)
where
γ := min
{
γ, µ(λ) = −
n − 1
2
+
√
λ+
(
n − 1
2
)
| λ ∈ Spec∆F\{0}
}
.
Proof. By construction the fundamental solution H is given by H = H0 +H0 ◦ P
where H0 ∈ Ψ 2,0,E,Ephg (M) and P ∈ Ψγ,∞,0,−2+γ(M). Consequently, by Theorem
4.5 we conclude H ∈ Ψ 2,0,0,0(M). By (4.6) and by the explicit structure of the
index set E in (4.5), the first statement in (4.7) on the left face asymptotics for
H follows. The second statement in (4.7) follows by symmetry of H. 
Remark 4.7. If q · scal(g) ≥ 0, then one can easily identify the fundamental solution
H with the heat operator for the Friedrichs self-adjoint extension of L.
5. Mapping properties of the fundamental solution
In this section we study how the fundamental solution H, which we also
refers to as the heat operator acts between spaces of functions of prescribed
asymptotics. This will use the microlocal heat kernel description established in
Theorem 4.6. We proceed using the notation therein and additionally introduce
function spaces that specify asymptotics at x = 0, which remains stable under
differentiation.
Definition 5.1. Let us write Cε(F) = (0, ε)× F for any ε ∈ (0, 1). Consider a smooth
cutoff function φε ∈ C∞(M) such that φε ↾ Cε/2(F) ≡ 1 and φε ↾ M\Cε(F) ≡ 0.
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Consider any choice of local bases {X1, · · · , Xm} of Vb. Then we define for any f :
(0,∞)→ R and any k ∈ N
Oke(f(x)) := {u :M→ R | ∃ ε > 0, C > 0 ∀ ℓ ≤ k, (j1, · · · , jℓ) :
| (Xj1 ◦ · · · ◦ Xjku) · φε| ≤ C |Xj1 ◦ · · · ◦ Xjkf|,
u · (1−φε) ∈ H20(M)}.
We write O(f(x)) := O0e(f(x)).
Theorem 5.2. Assume N ≤ n. We write H for the heat operator acting with convo-
lution in time, and denote by H(t) the heat operator acting without time convolution.
H solves the inhomogeneous, while H(t) the homogeneous heat equation. Then for any
ε > 0 we obtain the following mapping properties.
H : O(x−N)→


O2e(x
−N+2), ifN > 2,
O2e(log(x)), ifN = 2,
O2e(1), ifN < 2,
H(t) : O(x−N)→
t−
N
2
−ε O2e(1) ∩

O2e(x
−N), ifN > 0,
O2e(log(x)), ifN = 0,
O2e(1), ifN < 0.
Proof. Consider u ∈ O(x−N). Then, writing ρ∗ for a defining function of a
boundary face ∗ of the heat spaceM2h we obtain in view of Theorem 4.6, check-
ing the lifts to M2h e.g. in projective coordinates (4.2), (4.3) or (4.4) and writing
m = dimM
β∗ (H(t, p, p˜)u(p˜))) = ρ−N−mff ρ
−N
lf ρ
0
rf ρ
−m
td ρ
∞
tf ·G, (5.1)
where G is a bounded conormal function on M2h. We now proceed with uni-
form estimates near the various corners of the front face in the heat space M2h.
The interior regularity of Hu and H(t)u is classical. Therefore, by partition of
unity we may assume that the lifted heat kernel β∗H is compactly supported
near the various corners of the front face, and prove the estimates in each case
separately.
Estimates near the right lower corner of the front face. Assume that β∗H is com-
pactly supported near the right lower corner of the front face. Then, using the
projective coordinates (4.3) we obtain for some constant C > 0 and any K ∈ R∣∣∣∣∫ t
0
∫
M
H(t− t˜, p, p˜)u(p˜)d t˜ dVg(p˜)
∣∣∣∣ ≤ C ∫ 1
x
x˜−N+1 s−N+n d x˜,∣∣∣∣∫
M
H(t, p, p˜)u(p˜) dVg(p˜)
∣∣∣∣ ≤ C ∫ 1
x
x˜−N−1
(
t
x˜2
)−K
d x˜
= Ct−K
∫ 1
x
x˜−N+2K−1 d x˜ .
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Estimates near the left lower corner of the front face. Assume that β∗H is com-
pactly supported near the left lower corner of the front face. Then, using the
projective coordinates (4.3), where the roles of x and ω are interchanged (e.g.
s = x˜ /x), we obtain for some constant C > 0 and any K ∈ R∣∣∣∣∫ t
0
∫
M
H(t− t˜, p, p˜)u(p˜)d t˜ dVg(p˜)
∣∣∣∣ ≤ Cx−N+2 ∫ 1
0
s−N+nds,∣∣∣∣∫
M
H(t, p, p˜)u(p˜) dVg(p˜)
∣∣∣∣ ≤ Cx−N( tx2
)−K ∫ 1
0
s−N+nds
≤ Ct−K x−N+2K.
Estimates near the top corner of the front face. Assume that β∗H is compactly
supported near the top corner of the front face. Then, using the projective
coordinates (4.2) we obtain for some constant C > 0∣∣∣∣∫ t
0
∫
M
H(t− t˜, p, p˜)u(p˜)d t˜ dVg(p˜)
∣∣∣∣ ≤ C ∫ 1
x
ρ−N+1dρ
∫ 1
0
ξ˜−N+ndξ˜,∣∣∣∣∫
M
H(t, p, p˜)u(p˜) dVg(p˜)
∣∣∣∣ ≤ Cρ−N ∫ 1
0
ξ˜−N+ndξ˜
= Ct−
N
2
∫ 1
0
ξ˜−N+ndξ˜
Estimates near the temporal diagonal. Assume that β∗H is compactly supported
near td. Then, using the projective coordinates (4.4) we obtain for some con-
stant C > 0 and any K ∈ R∣∣∣∣∫ t
0
∫
M
H(t− t˜, p, p˜)u(p˜)d t˜ dVg(p˜)
∣∣∣∣ ≤ Cx−N+2 ∫ ηdη ∫ GdSdZ,∣∣∣∣∫
M
H(t, p, p˜)u(p˜) dVg(p˜)
∣∣∣∣ ≤ Cx−N ∫ η−1GdSdZ
= Ct−Kx−N+2K
∫
η−1+2KGdSdZ.
From here the statement follows by evaluating the corresponding integrals
for the different values of N.

6. Improved regularity of entropy minimizers
We continue in the setting of a Riemannian manifold (M,g) with isolated
conical singularities in the sense of Definition 2.1, with the corresponding
Laplace Beltrami operator ∆ and the Schrödinger operator L = ∆+q·scal(g). In
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case of q 6= 0 we also impose on g the admissibility assumption in Definition
2.10. We can now employ the mapping properties of the fundamental solu-
tion H together with essential self-adjointness of L in order to derive a better
asymptotics for the minimizers of the various entropies in §2.6.
Proposition 6.1. Consider a Riemannian manifold (M,g) with isolated conical sin-
gularities and q ∈ R. In case of q 6= 0 we assume that g is admissible in the sense
of Definition 2.10. Assume n = dim F ≥ 3. Consider ω ∈ O(x−N) ∩ L2(M) for
some N ≤ n/2, such that (∆+ q · scal(g))ω = F(ω) for some functional F(ω) with
|F(ω)| ≤ C| log(ω) ·ω | for some C > 0. Then ω ∈ O(1) admits a partial asymptotic
expansion near the conical singularity
ω(x, z) = const+O(xγ), as x→ 0.
This expansion is preserved under differentiation by Vb of any order. Here, γ > 0 is
given in terms of λ1, the smallest nonzero eigenvalue of ∆F, and γ in (2.1) by
γ := min

γ, µ(λ1) = −n − 12 +
√
λ1 +
(
n − 1
2
)2
 .
Proof. Let us write L := ∆ + q · scal(g). Recall from Corollary 3.2 that the
maximal domain Dmax(L) = H22(M) is the domain of the unique self-adjoint
extension of L. By definition of the maximal domain, ω ∈ Dmax(L), since
ω, Lω ∈ L2(M). Consequently ω ∈ H22(M) = Dmax(∆) lies in the domain of
the unique self-adjoint extension of ∆. We can construct another solution to
Lu = F(ω) using the fundamental solution H = e−t∆ of ∆ as follows
F˜(ω) := F(ω) − q · scal(g)ω,
u(t) :=
∫ t
0
∫
M
H(t− t˜, p, p˜)F(ω)(p˜)d t˜ dV(p˜)
+
∫
M
H(t, p, p˜)ω(p˜) dV(p˜) =: (H ∗ F˜(ω))(t) +H(t)ω.
(6.1)
By construction (ω−u) solves the initial value problem
(∂t + ∆)(ω−u) = 0, (ω−u)(0) = 0.
By Theorem 5.2, u(t) ∈ O(x−N log(x)) ⊂ L2(M), uniformly in t ≥ 0 and hence
‖u(t)‖L2(M) is continuous up to t = 0, since N ≤ n/2. Similar estimates as
in Theorem 5.2 yield ∆u(t0) ∈ O(x−N) ⊂ L2(M) for any t0 > 0 and hence
u(t0) ∈ Dmax(∆). Hence (ω−u(t0)) ∈ Dmax(L) lies in the domain of the unique
self-adjoint extension of ∆ and we may compute using integration by parts
∂t‖ω−u(t)‖2L2(M) = −(∆(ω−u(t)), (ω−u))L2(M) = −‖∇(ω−u(t))‖2L2(M) ≤ 0.
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Consequently, ‖ω−u(t)‖2
L2(M)
is monotonically decreasing in t. Since u(0) = ω
and by continuity of ‖u(t)‖L2(M) up to t = 0, we conclude ‖ω−u(t)‖L2(M) ≡ 0.
Hence u(t) = ω for any t ≥ 0.
Now for any fixed t0 > 0 we can obtain an improved asymptotics for u(t0)
and hence also for ω. Note that scal(g)ω ∈ O(x−N−2+γ). For any ε > 0 we find
F(ω) ∈ O(x−N log(x)) ⊂ O(x−N−ε). We write γ ′ := min{γ, 2 + ε}. By Theorem
5.2 we conclude that for each fixed t0 > 0
u(t0) ∈


O2e(x
−N+γ ′), ifN > γ ′,
O2e(log(x)), ifN = γ
′,
O2e(1), ifN < γ
′.
Argueing iteratively, we may improve the asymptotics of ω step by step and
conclude thatω = O2e(1). Due to the expansion (4.7) we conclude thatω admits
a partial asymptotics of the form
ω(x, z) = ω(0, z) +O(xγ), as x→ 0,
where ω(0, z) lies in the kernel of ∆F and hence is in fact constant in z. Stabil-
ity of the asymptotic expansion under differentiation by Vb follows from the
representation (6.1) and conormality of the fundamental solution kernel H. 
We conclude the section with an obvious consequence of Proposition 6.1
and Theorems 2.14, 2.15, 2.16 where we now write ∆ ≡ ∆g in order to indicate
dependence on the conical metric g.
Corollary 6.2. Consider a Riemannian manifold (M,g) with isolated conical singu-
larities and q ∈ R. In case of q 6= 0 we assume that g is admissible in the sense of
Definition 2.10. Assume n = dim F ≥ 3. Consider a minimizer ωg in the definition
of the λ-functional, shrinker or the expander entropy. Then ωg ∈ Dmax(∆g) lies in the
domain of the unique self-adjoint extension of ∆g and moreover admits for any k ∈ N
a partial asymptotic expansion
ωg(x, z) = const +O(xγ),
|∇kgωg |g(x, z) = O(xγ−k).
as x→ 0.
This proves our first main result, stated in Theorem 1.3. In the next three
sections, we use this result as an essential analytic tool to prove the Theorems
1.4 and Theorem 1.5 of this paper.
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7. Perelman’s λ-functional and steady Ricci solitons
As in the smooth setting (see e.g. [CHI04]) one shows that the first variation
of λ is given by
λ(g) ′(h) = −
∫
M
〈h,Ric(g) +∇2fg〉ge−fg dVg, (7.1)
where fg = −2 log(ωg) is the minimizer realizing λ(g) and h ∈ C∞0 (M,S) is a
symmetric 2-tensor supported away from the singularity. The Euler Lagrange
equation for fg is
−2∆gf− |∇fg|2 + scal(g) = λ(g), (7.2)
where ∆g denotes the Laplace Beltrami operator of the metric g.
Lemma 7.1. Let (Mm, g) be a compact manifold with an isolated conical singularity
and suppose that scal(gF) = (n− 1)n, where n = m− 1 = dim(F). Then,
(i) if m ≥ 5, λ(g) ′(LXg) = 0 for all vector fields such that LXg ∈ C1,αie (M,S)−2.
(ii) assertion (i) holds for m = 4, provided that at least one of the following condi-
tions is satisfied for some ǫ > 0
a) ωg(x)→ 0 as x→ 0,
b) |Ric(g)| = O(x−2+ǫ) as x→ 0 and a) does not hold,
c) LXg ∈ C1,αie (M, TM)−2+ǫ for some ǫ > 0.
Proof. Let us start with the proof of (i). Let m ≥ 5, X be a vector field such
that LXg ∈ C1,αie (M,S)−2. We first show that there exists a δ > 0 such that
we can choose X ∈ C2,αie (M, TM)−1−δ. Consider the map P : Y 7→ 12LYg. Its
formal adjoint P∗ is given by −div and it is easily checked that P∗P = ∆g−Ricg,
where in this case, ∆g and Ricg denote the connection Laplacian and the Ricci
operator acting on 1-forms, respectively. Choose δ ≥ 0 small such that 1+ δ is
a nonexceptional value of P∗P, i.e.
P∗P : C2,αie (M, TM)−1−δ → C1,αie (M, TM)−3−δ (7.3)
is Fredholm. Then it is standard to show that the operator
P : C2,αie (M, TM)−1−δ → C1,αie (M,S)−2−δ (7.4)
has a closed image which is given by the L2-orthogonal complement of
ker
{
div : C1,αie (M,S)−2−δ → C0,αie (M, TM)−3−δ} . (7.5)
Now we claim that
LXg ∈ C1,αie (M,S)−2 ⊂ C1,αie (M,S)−2−δ
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is also orthogonal to (7.5) althogh we a priori do not know anything about the
behaviour of X at the conical singularity. We have the L2-orthogonal decompo-
sitions
C∞0 (M,S) = P(C
∞
0 (M, TM))⊕ ker div ∩ C∞0 (M,S),
C1,αie (M,S)−2−δ = P(C
2,α
ie (M, TM)−1−δ)⊕ ker div ∩ C1,αie (M,S)−2−δ,
where C∞0 denotes sections which are supported away from the singularity. Be-
cause C∞0 (M,S) and P(C
∞
0 (M, TM)) are dense in C
1,α
ie (M,S)−2−δ and the closed
subspace P(C2,αie (M, TM)−1−δ), respectively, ker div ∩ C∞0 (M,S) is also dense in
ker div ∩ C1,αie (M,S)−2−δ. Due to integration by parts, LXg is orthogonal to the
space ker div∩C∞0 (M,S). By continous embedding C1,αie (M,S)−2−δ ⊂ L2 and by
denseness, LXg is also orthogonal to ker div ∩ C1,αie (M,S)−2−δ which proves the
claim.
Therefore, LXg lies in the image of P in (7.4) and we may assume X ∈
C2,αie (M, TM)−1−δ from now on. Now for any symmetric 2−tensor h ∈ C∞(M,S)
we can estimate on a small ǫ neighborhood Cε(F) around the singular point,
for some uniform C > 0∫
Cε(F)
〈h,Ric(g) +∇2fg〉ge−fg dVg ≤ C · sup
Cε(F)
(x2+δ|h|) · (x2|Ric(g) +∇2fg|) · |e−fg |,
which holds because 4+ δ < 5 ≤ m. From here we conclude
λ(g) ′(h) ≤ C ‖h‖α,−2−δ
∥∥Ric(g) +∇2fg∥∥α,2 ∥∥e−fg∥∥α,0 (7.6)
and the right hand side is finite by Corollary 6.2 and fg = −2 logωg. Now
take a sequence of vector fields Xi with support outside of a conical singularity
such that Xi → X in the space C2,αie (M, TM)−1−δ. Due to (7.6) and dominated
convergence, we have
lim
i→∞
λ(g) ′(LXig) = λ(g) ′(LXg),
because LXig → LXg in C1,αie (M,S)−2. Due to diffeomorphism invariance, we
know that λ(g) ′(LXig) = 0 for all i ∈ N and therefore, the first statement (i)
follows.
Let us now prove (ii) and assume m = 4. As in case, let X be a vector field
such that LXg ∈ C1,αie (M,S)−2. To show the existence of δ > 0 such that we can
choose X ∈ C2,αie (M, TM)−1−δ, we have to adapt the argument from (i) slightly
because C1,αie (M,S)−2 cannot be embedded to L
2(M,S). In this case, it follows
from L2-pairing that the closed image of the operator
P : C2,αie (M, TM)−1−δ → C1,αie (M, TM)−2−δ (7.7)
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is given for any ǫ > 0 by the L2-orthogonal complement of
ker
{
div : C1,αie (M,S)−2+δ+ǫ → C0,αie (M, TM)−3+δ+ǫ} . (7.8)
Because β := 2−δ−ǫ satisfies −β−2+δ > −4, the notion of orthogonal comple-
ment makes sense in this case. It is now shown as in (i) that ÷ker∩C∞0 (M,S)
is dense in (7.8) from which we then conlude that we can choose X as claimed.
In case a), we have e−fg = ω2g = O(x
2γ ′) by Corollary 6.2 and (provided that
δ < 2γ ′) we may replace (7.6) by
λ(g) ′(h) ≤ C ‖h‖α,−2−δ
∥∥Ric(g) +∇2fg∥∥α,−2 ∥∥e−fg∥∥α,+2γ ′ , (7.9)
which still holds in dimension 4. In case b), and provided that case a) does not
hold, we use the inequality
λ(g) ′(h) ≤ C ‖h‖α,−2−δ
∥∥Ric(g) +∇2fg∥∥α,−2+ǫ ∥∥e−fg∥∥α,0 , (7.10)
which holds as m = 4 and δ < ǫ and which we can use because because
∇2fg = O(xγ ′−2) due to Corollary 6.2 if a) does not hold. In case c), we replace
(7.6) by
λ(g) ′(h) ≤ C ‖h‖α,−2+ǫ−δ
∥∥Ric(g) +∇2fg∥∥α,−2 ∥∥e−fg∥∥α,0 , (7.11)
which holds if δ < ǫ. Moeroever, if 1− ǫ+ δ is nonexceptional, the operator
P : C2,αie (M, TM)−1+ǫ−δ → C0,αie (M,S)−2+ǫ−δ
is Fredholm and we argue as above to conclude that we may choose X ∈
C2,αie (M, TM)−1+ǫ−δ. In all these cases, the assertion is shown as in part (i). 
Theorem 7.2. Let (Mm, g) be a compact manifold with an isolated conical singuarity
and suppose that scal(gF) = (n− 1)n, where n = m− 1 = dim(F). Then,
(i) if m ≥ 5, and (M,g) is a steady Ricci soliton, it is Ricci flat.
(ii) assertion (i) holds for m = 4, provided that at least one of the following condi-
tions is satisfied for some ǫ > 0
a) ωg(x) = O(xǫ) as x→ 0,
b) |Ric(g)| = O(x−2+ǫ) as x→ 0.
Remark 7.3. In contrast to Lemma 7.1, we did not add a case c) here, because case
c) in 7.1 is equivalent to b) due to the Ricci soliton equation. Analogous assertions
in the shrinker and the expanding case will be made later on but we will not add a
corresponding remark there.
Proof of Theorem 7.2. We first show that under the conditions in (i) and (ii) that
(M,g) is gradient and that X = 1
2
gradfg. If (i) holds, Ric(g)+LXg = 0 for some
vector field X. Due to the Ricci soliton equation and Corollary 6.2, the vector
field 1
2
gradfg − X satisfies the assumption of Lemma 7.1. We can therefore
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conclude that
0 = λ(g) ′(Ric(g) + LXg) = λ(g) ′(Ric(g) +∇2fg)
= −
∫
M
|Ric(g) +∇2fg|2ge−fg dVg,
which implies that (M,g) is gradient. Note also that the all the terms are
defined due to (7.6). In case ii) a) or b), we use Lemma 7.1 (ii) combined with
(7.9) and (7.10), respectively, to show that (M,g) is gradient. In both cases, we
get Ric(g) + ∇2fg = 0. Taking the trace of this equation and inserting in (7.2)
yields
−∆gf− |∇fg|2 = λ(g).
Let f|| :=
∫
M
fge
−fg dVg. Because
∫
M
e−fg dVg = 1, f⊥ := fg − f|| satisfies∫
M
f⊥e−fg dVg = 0. We obtain
0 = λ(g)
∫
M
f⊥e−fg dVg
= −
∫
M
(∆gfg + |∇fg|2)f⊥e−fg dVg
= −
∫
M
(∆gf
⊥ + 〈∇fg,∇f⊥〉)f⊥e−fg dVg
= − lim
ǫ→0
∫
M\Cε(F)
(∆gf
⊥ + 〈∇fg,∇f⊥〉)f⊥e−fg dVg
= − lim
ǫ→0
∫
M\Cε(F)
|∇f⊥|2e−fgdVg + lim
ǫ→0
∫
∂Cε(F)
∇νf⊥ · f⊥e−fg dVg
= −
∫
M
|∇f⊥|2e−fg dVg,
which implies that fg is constant and therefore, Ric(g) = 0. Here, ν is the
unit normal of the regular boundary of Cε(F) pointing towards the conical
singularity. In the last equality, we used that as x→ 0
∇νf⊥ · f⊥e−fg = O(x−1),
which holds by fg = −2 log(ωg) and Corollary 6.2. 
Theorem 7.4. Let (Mm, g), m ≥ 4 be a compact manifold with an isolated conical
singularity that admits an admissible metric g0. Then λ is monotonically increasing
along the Ricci de Turck flow in Theorem 2.12, starting at g and constant if and only
if (M,g) is Ricci flat.
Proof. Let g(t) be the Ricci de Turck flow starting at g. Then, all g(t) admit
the same admissible conical metric g0. We have that the de Turck vector field
satisfies |LW(t)g(t)| = O(x−2). Let f(t) := fg(t) and ω(t) := ωg(t). For X(t) =
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gradf(t) +W(t), we have
λ(g(t)) ′(LX(t)g(t)) = 0.
If m ≥ 5, this follows from Lemma 7.1 (i). If m = 4, this follows from Lemma
7.1 (ii) a) or b). As a conclusion, we get
λ(g(t)) ′(
partialtg(t)) = λ(g(t))
′(−2Ric(g(t)) + LW(t)g(t))
= −2λ(g(t)) ′(Ric(g(t)) +∇2f(t))
= 2
∫
M
|Ric(g(t)) +∇2f(t)|2e−f(t) dVg(t) ≥ 0.
Note that the equalities all make sense due to (7.6) ifm ≥ 5 and (7.11) and (7.9)
(if ω(t) → 0 as x → 0). The second assertion is a consequence from Theorem
7.2 i), if m ≥ 5 and (ii) b) if m = 4. 
8. Perelman’s shrinker entropy and shrinking Ricci solitons
Recall that the infimum in the definition of ν−(g) exists and is realized by
a pair (fg, τg) if λ(g) > 0. As in the smooth setting one shows that the first
variation of ν− is given by
ν−(g)
′(h) = −
1
(4πτg)m/2
∫
M
〈
τg(Ric(g) +∇2fg) − 1
2
g, h
〉
e−fg dVg,
where (fg, τg) realizes ν−(g) and h is a symmetric 2-tensor supported away
from the singularity. In this case, a pair (fg, τg) realizing ν−(g) satisfies the
Euler-Lagrange equations
τg(2∆gfg + |∇fg|2 − scal(g)) − fg +m+ ν−(g) = 0, (8.1)
1
(4πτg)m/2
∫
M
fge
−fg dVg =
m
2
+ ν−(g), (8.2)
see e.g. [CaZh12, p. 5].
Lemma 8.1. Let (Mm, g) be a compact manifold with an isolated conical singuarity
with λ(g) > 0 and suppose that scal(gF) = (n − 1)n, where n = m − 1 = dim(F).
Then,
(i) ifm ≥ 5, ν−(g) ′(LXg) = 0 for all vector fields X such that LXg ∈ C1,αie (M,S)−2.
(ii) assertion (i) holds for m = 4, provided that at least one of the following condi-
tions is satisfied for some ǫ > 0
a) ωg(x)→ 0 as x→ 0,
b) |Ric(g)| = O(x−2+ǫ) as x→ 0 and a) does not hold,
c) LXg ∈ C1,αie (M,S)−2+ǫ.
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(iii) For any dimensionm ≥ 4 and any constant c ∈ R, we have ν−(g) ′(c g) = 0.
Proof. Parts (i) and (ii) are exactly shown as in Lemma 7.1, where the corre-
sponding assertion for the λ-functional is proven. Part (iii) follows from scale-
invariance of ν− so that ν−((1+ ct)g) is defined and constant in t and the fact
that ν−(g) ′(c g) is a priori finite by an analogue of (7.11) and the estimates on
fg implied by Corollary 6.2. 
Theorem 8.2. Let (Mm, g) be a compact manifold with an isolated conical singuarity
and suppose that λ(g) > 0 and scal(gF) = (n − 1)n, where n = m − 1 = dim(F).
Then,
(i) if m ≥ 5, and (M,g) is a shrinking Ricci soliton, it is gradient.
(ii) assertion (i) holds for m = 4, provided that at least one of the following condi-
tions is satisfied for some ǫ > 0
a) ωg(x)→ 0 as x→ 0,
b) |Ric(g)| = O(x−2+ǫ) as x→ 0.
Proof. If (M,g) is a shrinking Ricci soliton, then Ric(g) + LXg = c g for some
vector field X and a constant c > 0. We argue as in the proof of Theorem 7.2
and apply Lemma 8.1 to Y = 1
2
gradfg − X and (c − 12τ)g. The case by case
analysis is done as in the fist part of the proof of Theorem 7.2 and we get that
Ric(g) +∇2fg = 12τgg which implies the desired result. 
Theorem 8.3. Let (Mm, g), m ≥ 4 be a compact manifold with an isolated conical
singularity that admits an admissible metric g0. Suppose in addition that λ(g) > 0.
Then ν− is monotonically increasing along the Ricci de Turck flow in Theorem 2.12
(with a suitable normalization, c.f. the remark below) starting at g and constant if and
only if (M,g) is a shrinking Ricci soliton.
Remark 8.4. By a suitable normalization, we mean that the flow satisfies an evolution
equation of the form
∂tg(t) = −2Ric(g(t)) + LW(t)g(t) + F(g(t)) g(t),
where F is a smooth functional on the space of metrics. Such a flow is equivalent to
the standard Ricci de Turck flow by a family of rescalings.
Proof of Theorem 8.3. The proof is completely analogous to the proof of Theo-
rem 7.4 and uses Lemma 8.1. 
In the above theorems and in particular in the assertion of Theorem 8.2, we
made the restrictive assumption that λ(g) > 0 in order to make sure that the
expander entropy is defined. We can overcome this problem by using a simpler
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variant of it by defining10
µ−(g) = ν−(g,
1
2
),
which has the advantage to be defined without the restriction on λ(g). Its first
variation is
µ−(g)
′(h) = −
1
2(2π)m/2
∫
M
〈Ric(g) − g+∇2fg, h〉e−fg dVg, (8.3)
and the Euler-Lagrange equation of the minimizer fg is
1
2
(2∆gfg + |∇fg|2 − scal) − fg +m+ µ−(g) = 0, (8.4)
see e.g. [SuWa15]. The slight differences in the first variation and the Euler-
Lagrange equation here and in [SuWa15] are due to a different normalization
in the definition. Then, statements (i) and (ii) of Lemma 8.1 holds for µ− and it
can be used to prove
Theorem 8.5. Let (Mm, g) be a compact manifold with an isolated conical singuarity
and scal(gF) = (n− 1)n, where n = m − 1 = dim(F). Then,
(i) if m ≥ 5, and (M,g) is a shrinking Ricci soliton, it is gradient.
(ii) assertion (i) holds for m = 4, provided that at least one of the following condi-
tions is satisfied
a) ωg(x)→ 0 as x→ 0,
b) |Ric(g)| = O(x−2+ǫ) as x→ 0.
The proof is exactly the same as in Theorem 8.2, with the only difference
that we have to first rescale g to ensure that the soliton constant equals c = 1.
This is because ν+ is not scale-invariant and so we can not use an analogy of
Lemma 8.1 (iii) here. Furthermore, we get
Theorem 8.6. Let (Mm, g), m ≥ 4 be a compact manifold with an isolated conical
singularity that admits an admissible metric g0. Then µ− is monotonically increasing
along the Ricci de Turck flow
∂tg(t) = −2Ric(g(t)) + LW(g(t))g(t) + 2g(t)
starting at g and constant if and only if (M,g) is Einstein with constant 1.
9. The expander entropy and expanding Ricci solitons
Recall that the infimum in the definition of ν+(g) exists and is realized by
a pair (fg, τg) if λ(g) < 0. As in the smooth setting one shows that the first
10The constant 1
2
in the definition of µ− is chosen such that it corresponds to the soliton
constant c = 1 in (1.5).
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variation of ν+ is given by
ν+(g)
′(h) = −
1
(4πτ)m/2
∫
M
〈
τg(Ric(g) +∇2fg) − 1
2
g, h
〉
e−fg dVg,
where (fg, τg) realizes ν+(g) and h is a symmetric 2-tensor supported away
from the singularity. In this case, a pair (fg, τg) realizing ν+(g) satisfies the
Euler-Lagrange equations
τg(2∆gfg + |∇fg|2 − scal(g)) + fg −m+ ν+(g) = 0, (9.1)
1
(4πτg)m/2
∫
M
fge
−fg dVg =
m
2
− ν+(g), (9.2)
see e.g. [CaZh12, p. 5].
Lemma 9.1. Let (Mm, g) be a compact manifold with an isolated conical singuarity
with λ(g) < 0 and suppose that scal(gF) = (n − 1)n, where n = m − 1 = dim(F).
Then,
(i) ifm ≥ 5, ν+(g) ′(LXg) = 0 for all vector fields X such that LXg ∈ C1,αie (M,S)−2.
(ii) assertion (i) holds for m = 4, provided that at least one of the following condi-
tions is satisfied
a) ωg(x)→ 0 as x→ 0,
b) |Ric(g)| = O(x−2+ǫ) as x→ 0 and a) does not hold,
c) LXg ∈ C1,αie (M,S)−2+ǫ.
(iii) For any dimensionm ≥ 4 and any constant c ∈ R, we have ν−(g) ′(c g) = 0.
Proof. This is completely analogous to the proof of Lemma 8.1. 
Theorem 9.2. Let (Mm, g) be a compact manifold with an isolated conical singuarity
and suppose that λ(g) < 0 and scal(gF) = (n − 1)n, where n = m − 1 = dim(F).
Then,
(i) if m ≥ 5, and (M,g) is an expanding Ricci soliton, it is negative Einstein.
(ii) assertion (i) holds for m = 4, provided that at least one of the following condi-
tions is satisfied
a) ωg → 0 as x→ 0,
b) |Ric(g)| = O(x−2+ǫ) as x→ 0.
Proof. At first, one shows that under the assumptions of the theorem, that
(M,g) is a gradient soliton and that
Ric(g) +∇2fg = − 1
2τg
g.
This is shown by a case-by-case analysis exactly as in the proof of Theorem
8.2. To show that (M,g) is actually negative Einstein, one argues similarly as
in the second part of the proof of Theorem 7.2: At first, we see that scal(g) =
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∆gfg −
m
2τg
. Inserting in (9.1) yields
τg(∆gfg + |∇fg|2) + fg − m
2
+ ν+(g) = 0.
Let f|| := (4πτg)−m/2
∫
M
fge
−fg dVg. Because
∫
M
e−fg dVg = (4πτg)
m/2, f⊥ :=
fg − f
|| satisfies
∫
M
f⊥e−fg dVg = 0. We obtain
0 = (ν+(g) −
m
2
)
∫
M
f⊥e−fg dVg
= −τg
∫
M
(∆gfg + |∇fg|2 + 1
τg
fg)f
⊥e−fg dVg
= −τg
∫
M
(∆gf
⊥ + 〈∇fg,∇f⊥〉+ 1
τg
f⊥)f⊥e−fg dVg
= − lim
ǫ→0
τg
∫
M\Bǫ(p)
(∆gf
⊥ + 〈∇fg,∇f⊥〉+ 1
τg
f⊥)f⊥e−fg dVg
= − lim
ǫ→0
τg
∫
M\Bǫ(p)
(|∇f⊥|2 + 1
τg
(f⊥)2)e−fg dVg + lim
ǫ→0
τg
∫
∂Bǫ(p)
∇νf⊥f⊥e−fg dVg
= −τg
∫
M
(|∇f⊥|2 + 1
τg
(f⊥)2)e−fg dVg,
where we used Corollarary 6.2. Therefore, f⊥ ≡ 0 which implies that fg is
constant. Consequently, Ric(g) = − 1
2τg
g. Here, ν is the unit normal of Bǫ(p)
pointing towards p. All these equalities hold if m ≥ 4 due to the asymptotic
behaviour of fg. 
Theorem 9.3. Let (Mm, g), m ≥ 4 be a compact manifold with an isolated conical
singularity that admits an admissible metric g0. Suppose in addition that λ(g) < 0.
Then ν+ is monotonically increasing along the Ricci de Turck flow (possibly with a
suitable normalization) starting at g and constant if and only if (M,g) is negative
Einstein.
Proof. The proof is completely analogous to the proof of Theorem 7.4 and uses
Lemma 8.1. 
In the above theorems and in particular in the assertion of Theorem 9.2, we
made the restrictive assumption that λ(g) < 0 in order to make sure that the
expander entropy is defined. We can overcome this problem by using a simpler
variant of it by defining11
µ+(g) = ν+(g,
1
2
),
11The constant 1
2
in the definition of µ− is chosen such that it corresponds to the soliton
constant c = 1 in (1.11).
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which has the advantage to be defined without the restriction on λ(g). Its first
variation is
µ+(g)
′(h) = −
1
(2π)m/2
∫
M
〈Ric(g) + g+∇2fg, h〉e−fg dVg, (9.3)
and the Euler-Lagrange equation of the minimizer fg is
1
2
(2∆gfg + |∇fg|2 − scal(g)) + fg −m+ µ+(g) = 0, (9.4)
see e.g. [Krö13, p. 63]. The slight differences in the first variation and the Euler-
Lagrange equation here and in [Krö13] are due to a different normalization in
the definition. Then, statements (i) and (ii) of Lemma 9.1 holds for µ+ and it
can be used to prove
Theorem 9.4. Let (Mm, g) be a compact manifold with an isolated conical singuarity
and scal(gF) = (n− 1)n, where n = m − 1 = dim(F). Then,
(i) if m ≥ 5, and (M,g) is an expanding Ricci soliton, it is negative Einstein.
(ii) assertion (i) holds for m = 4, provided that at least one of the following condi-
tions is satisfied
a) ωg(x)→ 0 as x→ 0,
b) |Ric(g)| = O(x−2+ǫ) as x→ 0.
The proof is exactly the same as in Theorem 9.2, with the only difference
that we have to first rescale g to ensure that the soliton constant c = −1. This is
because ν− is not scale-invariant and so we can not use an analogy of Lemma
9.1 (iii) here. To show Einsteinness, one does the same proof with τ = 1
2
.
Furthermore, we get
Theorem 9.5. Let (Mm, g), m ≥ 4 be a compact manifold with an isolated conical
singularity that admits an admissible metric g0. Then µ+ is monotonically increasing
along the Ricci de Turck flow
∂tg(t) = −2Ric(g(t)) + LW(g(t))g(t) − 2g(t)
starting at g and constant if and only if (M,g) is Einstein with constant −1.
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